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One of the most EX CITING obser-

vational discoveries of the past decade

is that the

Universe is Accelerating

The source resp onsible fo r Cosmic

Acceleration is presently unkno wn and

has been called

Da rk Energy

Da rk Energy has large negative pres-

sure and could account fo r upto 70%

of the total matter densit y in the

Universe !!



Tw o ways of making the Universe
ACCELERA TE :

� mo dify the MA TTER secto r:

G�� = 8� G T��

This leads to Physical mo dels of DE such
as Quintessence, Chaplygin Gas, Phantom
matter etc.

� mo dify the GRA VITY secto r:

G�� = 8� G T��

The cosmological constant intro duced by
Einstein in 1917 was the �rst mo del of this
kind since

G�� + �g �� = 8� G T��

This leads to Geometrical mo dels of DE
such as higher dimensional (Branew orld) Grav-
it y, scala r-tenso r gravit y, string/M-theo ry in-
spired mo dels, f(R) gravit y, etc.



Observations of high z T yp e Ia sup ernovae favour an acceler-

ating universe with almost 2/3 of the total energy densit y in

the fo rm of a matter comp onent with negative pressure. The

simplest candidate is a Cosmological Constant

Tik = � gik ) P = � � = �
�

8� G
But a constant �-term runs into di�culties since
� � � � 0m (
 � � 1) implies that the ratio of the den-
sit y in � to that in matter/radiation has to be set
very accurately at early times:

Eg. � � =� m � 10 � 53 { at the Electro weak scale, re-

sulting in a `�ne tuning' problem fo r cosmology .
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Mo difying the matter secto r, two examples:

1. Quintessence

Inspired by In
ation one fo rmulates a mo del fo r dark

energy based on scalar �eld dynamics:

� =
1

2
_� 2 + V ( � ) ; P =

1

2
_� 2 � V ( � ) :

If V 00V=( V 0) 2 > 1 then the scala r tracks the
dominant matter comp onent and app roaches
a common evolutiona ry path from a wide
range of initial conditions.

An exp onential p otential V ( � ) = V0 exp ( � ��= M P )
leads to `track er b ehaviour' [Ratra & Peebles, W et-
terich (1988)]
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T rack er potentials satisfy � � V 00V=( V 0) 2 > 1 and

approach a common evolutiona ry path from a wide

range of initial conditions. The potential V ( � ) =

V0=� � is an example. During tracking

� �

� B
/ t

4
2+ �

we see that fo r � > 0 the scalar �eld densit y can
dominate the matter/radiation densit y at late times
even if it was sub dominant to begin with [Ratra &
Peebles (1988)]. The equation of state of the `track er-
�eld' is

w� =
�w B � 2

� + 2
;

so that w� ! wB as � ! 1 , which repro duces the
results fo r an exp onential potential in this limit.
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Q-�eld Potential Reference

V0 exp ( � �� ) Ratra & Peebles, W etterich (1988),
Ferreira & Joyce (1998)

m2 � 2 ; �� 4 Frieman et al. (1995)

V0=� � ; � > 0 Ratra & Peebles (1988)

V0 exp ( �� 2) =� � ; � > 0 Brax & Ma rtin (1999,2000)

V0(cosh �� � 1) p, Sahni & W ang (2000)

V0 sinh � � ( �� ) , Sahni & Sta robinsky (2000)

V0( e��� + e� �� ) Ba rreiro, Cop eland & Nunes (2000)

V0(exp M p=� � 1), Zlatev, W ang & Steinha rdt (1999)

V0 [( � � B ) � + A]e� �� , Alb recht & Skordis (2000)

V0e� �� [1 + A sin � � ]. Do delson, Kaplinghat, & Stew art (2000)

Pseudo-Goldstone boson mo dels { [F rieman et al. (1995)] ;
Sup ersymmetric gauge theo ries { [Binetruy (1999), Masiero
et al. (1999)] ; Sup ergravit y { [Brax & Ma rtin (1999), Al-
brecht& Skordis (2000), Cop eland et al. (2000)] ; Extra di-
mensions { [Bento & Bertolami (1999), Banks et al. (1999),
Benakli (1999 )] ; Vacuum polarization { [Sahni & Habib
(1998), Park er & Raval (1999)] ; T op ological defects {
[Sp ergel & Pen (1997), Bucher & Spergel (1999)] ; k-essence
{ [Armenda riz-Picon et al. (2000)] ; Scala r-tenso r theo-
ries { [P errotta et al. (2000), Boisseau et al. (2001) etc] ;
Non-minimally coupled �elds { [Amendola (1999), Chiba
(1999), Holden and W ands (2000) etc] ; Branew orld mo d-
els { [De�a yet, Dvali & Gabadadze (2001), Sahni & Shtanov
(2002), Alam and Sahni (2002)] ; T achy ons { [Sen (2002),
Sami (2002), Bagla et al. (2002)] ; Chaplygin gas { [Ka-
menshchik et al. (2001), Bento et al. (2002) etc.]



2. Chaplygin gas

While Quintessence (and In
ation) are usu-
ally describ ed by the Lagrangian

L =
1

2
_� 2 � V ( � ) ;

the Bo rn-Infeld lagrangian densit y

L = � V0

q
1 � � ;� � ;�

leads to the Chaplygin gas ( A = V 2
0 )

p = � A=�

� =

s

A +
B

a6

so that � / a� 3 at early times (lik e matter),
� ! constant at late times (lik e �).

The Chaplygin gas behaves lik e pressureless
dust at early times and lik e a cosmological
constant during late times.

Q. Can Chaplygin gas unify dark matter and
dark energy ? [Kamenshchik, Moschella, & Pasquier

(2001)]



Mo difying the gravit y secto r

� Eg. R + R2 mo dels give rise to In
ation [Sta robinsky
1980] , simila rly R + f ( R) may give late time acceler-
ation.

� A branew orld emb edded in �ve dimensions can ac-
celerate [Dvali, Gabadadze and Porrati (2000), Sahni and
Shtanov (2002)] .

The 5D action is very simple

S = M 3
Z

bulk
R + m2

Z

brane
R + Smatter

where M and m are resp ectively , the �ve-dimensional
and four-dimensional Planck masses.

The Hubble parameter lo oks lik e

H =

r
8� G� m

3
+

1

`2
+

1

`
;

where ` = m2=M 3 is a new macroscopic length scale.
For M ' 10 � 100 MeV, m ' 10 19 GeV, ` � cH � 1

0 !

The presence of an extra dimension can mak e the
universe accelerate at late times !

Compa re with LCDM:

H =

r
8� G� m

3
+

�
3

As in LCDM, a single parameter `` ' controls late-
time acceleration giving rise to acceleration without
dark energy !



Numerous Da rk Energy mo dels have been
suggested to account fo r an accelerating
Universe:

(i) Quiessence with w � pD E =� D E = constant,
the cosmological constant � ( w = � 1) is a
special memb er of this class.
(ii) Quintessence mo dels.
(iii) The Chaplygin gas mo del.
(iv) `Phantom' DE ( w < � 1).
(v) Oscillating DE.
(vi) Mo dels with interactions between DE
and dark matter.
(vii) Scala r-tenso r DE mo dels.
(viii) Mo di�ed gravit y mo dels: R ! f ( R)
(ix) Da rk energy driven by quantum e�ects.
(x) Higher dimensional `branew orld' mo dels
(xi) Holographic dark energy , etc.

Faced with the increasing proliferation of
DE mo dels a cosmologist can pro ceed in
either of two ways:

(i) T est every single mo del against observa-
tions.

(ii) Reconstruct prop erties of dark energy in
a mo del indep endent manner .



Mo del indep endent reconstruction of Da rk Energy

Let us de�ne Da rk Energy through the Einstein �eld
equations

R �� �
1

2
g�� R = 8� G

 
X

a

T ( a)
�� + T D E

��

!

In the context of a spatially 
at FRW universe

H 2 =
8� G

3

 
X

a

� a + � D E

!

; (1)

•a
a

= �
4� G

3

 
X

a

( � a + 3pa) + � D E + 3pD E

!

(2)

where the deceleration parameter is

q � � •a=aH 2 =
H 0( x)
H ( x)

x � 1 ; x = 1 + z :

If one neglects radiation then eqns (1) & (2) give

� DE =
3H 2

8� G
(1 � 
 m ) (3)

pDE =
H 2

4� G
( q �

1
2

) : (4)

Dividing (4) by (3) we get the e�ective equation of
state of dark energy ( w � pD E =� D E ) :

w( x) =
2q( x) � 1

3 ( 1 � 
 m ( x) )
�

2x
3

dlnH
dx � 1

1 � ( H 0=H ) 2 
 m0 x3
:



Cautiona ry note ....

Geometrical mo dels of dark energy (in which
the LHS of the Einstein equation is mo di-
�ed) such as the Branew orld mo del

H =

s
8� G� m

3
+

1

l2c
+

1

lc
; (5)

do not confo rm to the Einsteinian represen-
tation of DE

H 2 =
8� G

3
( � m + � D E ) :

Consequently the equation of state w � pD E =� D E
is an e�ective quantit y which ma y still be
useful fo r descriptive purp oses but which no
longer represents any fundamental physical
prop ert y of an accelerating universe. In-
deed, instances are kno wn when we� < � 1
even when matter itself satis�es the weak
energy condition � + P � 0 [Boisseau et al., 2000;

Sahni and Shtanov, 2002; Gannouji et al., 2006] .

In this case it is better to de�ne acceler-
ation through mo re fundamental geometri-
cal quantities which dep end up on the space-
time metric.



Observational tests of Da rk Energy rely on
an accurate measurement of at least one of
the follo wing quantities:

1. The luminosit y distance

F =
L

4� D 2
L

where

D L ( z) = (1 + z)
Z z

0

dz0

H ( z0)
:

2. The angula r size distance

� � =
d

D A
; D A ( z) =

1

1 + z

Z z

0

dz0

H ( z0)
:

One can then reconstruct the Hubble pa-
rameter through a relation lik e

H ( z) =

"
d

dz

 
D L ( z)

1 + z

! #� 1

:



H ( z) =

"
d

dz

 
D L ( z)

1 + z

! #� 1

:

Di�erentiating a second time allo ws one to
reconstruct the equation of state of DE

w( x) =
2x
3

dlnH
dx � 1

1 � ( H 0=H ) 2 
 m0 x3 :

BUT w( z) will be a noisier quantit y than
H ( z) since two successive di�erentiations
are needed fo r the reconstruction D L ! w( z)
while a single di�erentiation su�ces fo r
D L ! H ( z).

Note also that H ( z) is indep endent of the
value of the matter densit y parameter 
 m

while w( z) is not. Therefo re uncertainties
in the value of 
 m a�ect the reconstruction
of w( z) much mo re signi�cantly than the
reconstruction of H ( z).



The reconstructed Hubble parameter can be used to
determine imp ortant cosmological quantities:

� the angula r-size distance

dA ( z) =
c

1 + z

Z z

0

dz0

H ( z0)
;

� the deceleration parameter:

q( z) =
H 0( z)
H ( z)

(1 + z) � 1 ;

� the e�ective equation of state of dark energy:

w( z) =
2q( z) � 1

3 [1 � 
 m ( z) ]
;

� the age of the universe:

t ( z) =
Z 1

z

dz0

(1 + z0) H ( z0)
;

� dA ( z) H ( z), which is used in the Alco ck-P aczynski
anisotrop y test and d2

A ( z) H � 1( z), which plays a
key role in the volume-redshift test.

� Electron scattering optical depth to a redshift
zreion

� ( zreion ) = c
Z zreion

0

ne( z) � T dz
(1 + z) H ( z)

ne is the electron densit y, � T is the Thompson
cross-section. (A lower value of H ( z) implies a
lower value fo r zreion .)



Having reconstructed H ( z) using

H ( z) =

"
d

dz

 
D L ( z)

1 + z

! #� 1

;

we can, in turn, reconstruct the Quintessence
potential V ( � ) since the Einstein equations

H 2 =
8

3
� G

�
� m +

1

2
_� 2 + V ( � )

�
;

_H = � 4� G( � m + _� 2) ; (6)

can be rewritten as

AV ( x) =
H 2

H 2
0

�
x

6H 2
0

dH 2

dx
�

1

2

 m0 x3(7)

A
� d�

dx

� 2
=

2

3H 2
0 x

d ln H

dx
�


 m0 x

H 2 ; (8)

where A = 8� G=3H 2
0 , x � 1 + z.

Integrating (8), one determines � ( z) to within
an additive constant. The inversion � ( z) !
z( � ) follo wed by substitution into (7) allo ws
us to reconstruct V ( � ). [Sta robinsky , 1998; Saini,

Raychaudhury , Sahni and Sta robinsky , 2000]



Note that the equations

V ( x) =
H 2

H 2
0

�
x

6H 2
0

dH 2

dx
�

1

2

 m0 x3

� d�

dx

� 2
=

2

3H 2
0 x

d ln H

dx
�


 m0 x

H 2 ;

( x � 1 + z) suggest that quintessence can
mimic the behaviour of other dark energy
mo dels provided they satisfy � + P � 0. For
instance the Chaplygin gas has P / � 1=�
and

� c =
q

A + B x6 :

The corresp onding quintessence potential is

V ( � ) =

p
A

2

 

cosh(2
p

6� G� ) +
1

cosh(2
p

6� G� )

!

:

BUT the Chaplygin gas can also result from
the Bo rn-Infeld Lagrangian L = � V0

q
1 � � ;� � ;�

which is very di�erent from the Quintessence
Lagrangian L = 1

2
_� 2 � V ( � ) !!

Therefo re cosmological reconstruction is not
unique .



One can also reconstruct the expansion rate
H ( z) from the
linea rized perturbation equation

•� + 2H _� � 4� G� m � = 0

which can be inverted to give

H ( z)
H 0

=
� (1 + z) 2 � 02(0)

� 02( z)
� 3
 m0

(1 + z) 2

� 02( z)

Z z

0

� j � 0j
1 + z

dz
� 1

2 :(9)

An interesting relationship exists between
the current value of the matter densit y 
 m0
and � ( z):


 m0 = � 02(0)
�
3

Z 1

0

� j � 0j
1 + z

dz
� � 1

; (10)

which could provide a consistency check on
direct observational determinations of 
 m0 .

At low redshifts z < 1, deep redshift surveys
probing large scale structure ma y help in re-
constructing H ( z) using (9). The fact that
the Universe is exp ected to become matter
dominated at fairly low redshifts, 
 0m ! 1
at z � 1, allo ws us to use the spatially 
at
matter dominated solution � / (1 + z) � 1 to
extrap olate to higher redshifts and thereb y
evaluate (10).



So we have two indep endent metho ds to reconstruct
the expansion rate H ( z):

(i) Through the expression

H ( z) =

�
d
dz

�
D L ( z)
1 + z

�� � 1

:

where D L ( z) refers to an unp erturb ed FRW back-
ground .

(ii) Through

H ( z)
H 0

=
� (1 + z) 2 � 02(0)

� 02( z)
� 3
 m0

(1 + z) 2

� 02( z)

Z z

0

� j � 0j
1 + z

dz
� 1

2 :

describing the gro wth of perturbations on small scales.

Both (i) and (ii) can be used as consistency checks
fo r physical DE which, by assumption, is minimally
coupled to gravit y.

For geometrical DE , which includes scalar-tenso r grav-
it y, branew orld mo dels, etc., the linea rized perturba-
tion equation is usually mo di�ed from its conven-
tional fo rm [Boisseau et al., 2000; Ko yama & Maa rtens,
2006; Shtanov, Viznyuk & Sahni, 2007] .

Consequently , if disagreement should arise between
(i) and (ii) this could be a
smoking gun fo r geometrical DE !



Although one can reconstruct H ( z) using

H ( z) =

�
d
dz

�
D L ( z)
1 + z

�� � 1

: (11)

or

H ( z)
H 0

=
� (1 + z) 2 � 02(0)

� 02( z)
� 3
 m0

(1 + z) 2

� 02( z)

Z z

0

� j � 0j
1 + z

dz
� 1

2 :(12)

In practice, cosmological reconstruction is
much mo re di�cult since all observational
functions such as D L ( z) and � ( z) are noisy
and kno wn only at discrete values of the red-
shift f z1; z2::::zN g { associated with the red-
shifts of N sup ernovae in the case of D L ( z).

Thus, it is imp ossible to directly di�erenti-
ate them with resp ect to redshift as (11)
and (12) require. Therefo re, to convert
from D L ( zi ) to the function H ( z) de�ned
at all values within a redshift interval (say
0 � z < 2) requires a crucial additional step:
some sort of smo othing pro cedure . This is
usually accomplished using either paramet-
ric reconstruction or non-pa rametric recon-
struction .



Parametric reconstruction

This app roach is based on the assumption that the
quantities D L ( z) ; H ( z) ; w( z) vary `su�ciently slowly'
with redshift and can therefo re be approximated by a
�tting fo rmula (ansatz) which relies on a small num-
ber of free parameters ai ; i = 1; N . The ansatz fo r
D L ( z; ai ) ; H ( z; ai ) ; w( z; ai ) is compa red against obser-
vations, and the values of the free parameters ai are
determined using a minimization pro cedure (usually
maximum lik elyho od). A successful �tting function
should, in principle, be able to faithfully repro duce
the prop erties of an entire class of DE mo dels.

A. Fitting functions to the luminosit y distance

i. The ta ylo r series expansion of D L

D L ( z)

1 + z
=

NX

i =1

ai zi :

though simple is not very accurate since one must
tak e a large numb er of terms which greatly increases
the erro rs of reconstruction [W eller and Alb recht, 2002] .

ii. A mo re versatile Pad�e-t yp e ansatz ( x = 1 + z)

H 0D L ( z)
1 + z

= 2

�
x � A 1

p
x � 1 + A 1

A 2x + A 3
p

x + 2 � A 1 � A 2 � A 3

�
;

is able to exactly repro duce the results fo r CDM
(
 m = 1) and the steady state mo del (
 � = 1).
[Saini, Raychaudhury , Sahni and Sta robinsky , 2000; also see
Chiba and Nak amura, 2000] .



B. Fitting function to the DE densit y

The dark energy densit y is written as a truncated
T aylo r series polynomial in x = 1 + z,
� DE = A 1 + A 2x + A 3x2 .

This leads to the follo wing ansatz fo r the Hubble
parameter

H ( x) = H 0
�

 0m x3 + A 1 + A 2x + A 3x2

� 1
2 ;

which, when substituted in the expression fo r the
luminosit y distance (1), yields

D L

1 + z
=

c
H 0

Z 1+ z

1

dx
p


 0m x3 + A 1 + A 2x + A 3x2
:

For quintessence mo dels as well as the Chaplygin
gas, the luminosit y distance D L ( z) can be determined
to an accuracy of better than 1% if 
 m0 � 0:2 [Sahni
et al., 2003; Alam et al., 2003] .



C. Fitting functions to the equation of state

In this app roach one assumes that the DE equation
of state w( z) is an unkno wn variable whose behaviour
is `guessed' by means of a suitable �tting function
w( z; ai ). Since


 DE = (1 � 
 m0 ) exp

�
3

Z x� 1

0

1 + w( z; ai )
1 + z

dz

�
;

H 2( z) = H 2
0 [
 m0 (1 + z) 3 + 
 DE ]2 ;

D L ( z)
1 + z

=
Z z

0

dz0

H ( z0)
:

the values of ai can be determined by compa ring the
luminosit y distance D L ( z) against observations.

Perhaps the simplest �t fo r w( z) is the T aylo r expan-
sion

w( z) =
NX

i =0

wi zi ; (13)

The simple two parameter representation w( z) =
w0 + w1z is however of limited utilit y since it is only
valid fo r z � 1.

A mo re versatile �t is

w( a) = w0 + w1(1 � a) = w0 + w1
z

1 + z
: (14)

[Chevallier and Pola rski, 2001; Linder, 2003]



It is encouraging to note that, in spite of some am-
biguit y in the fo rm of the di�erent �ts, when applied
to the same sup ernova data set most of them give
consistent results in the range 0:1 <

� z <
� 1 (where

there is su�cient data) [Alam, et al., 2004; Nesseris and
Perivolaroupolos, 2004; Gong, 2005] .
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SNLS: 115 SNe. FG: Full Gold data set (157 SNe). TG:
T runcated Gold data set (140 SNe). Par. A: w( z) = w0 + w1z;
Par. B: w( a) = w0 + w1(1 � a); Par. C: � DE = A 1 + A 2x + A 3x2 .
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2� con�dence levels are shown fo r the Gold+HST
sup ernova dataset (left panel) and SNLS sup ernova
dataset (right panel) in the 
 m ; 
 � plane.

The dotted line shows a 
at universe .

All data sets are consistent with a 
at �CDM mo del
at the 95% con�dence level.

SCDM is excluded at about 10 � .

The gold data set app ears to prefer a closed universe
while a 
at universe is mo re consistent with SNLS.
[F rom Alam, Sahni, Sta robinsky , 2007]

Precision parameter estimation using only sup ernovae
unlik ely at present. Systematics needs to be better
understo od. Future survey's: SNAP is exp ected to
determine about 2000 SNe at z < 2, while DESTINY
is exp ected to get 3000 SNe with 0:4 < z < 1:7 within
a three square degree survey area.



A note of caution

It is quite clear that these simple �ts cannot be used
to rule out mo dels with rapidly evolving w( z). One
reason fo r this is that applying an ansatz to SNe
data is equivalent to smo othing the evolution of the
Universe over a redshift interval � z / 1=N where N
is the numb er of free parameters in the ansatz (the
concrete fo rm of an ansatz de�nes the fo rm of a
smo othing function). Clea rly, an implicit smo othing
such as this will cause rapid transitions in dark energy
to disapp ear not because of disagreement with data
but simply because of the manner in which the data
have been `massaged'.

T o accommo date such mo dels the follo wing ansatz
was suggested

w( z) = wi +
wf � wi

1 + exp( z� zt

� )
; (15)

[Bassett, et al., 2002; Corasaniti, et al., 2003] .

Mo dels with oscillating DE have also been discussed
in the literature T o accommo date oscillating DE the
follo wing ansatz has been suggested

w(log a) = w0 + w1 cos [A log a=ac] (16)

[F eng, et al., 2006; also see Sahni and L. M. W ang, 2000;
Do delson, M. Kaplinghat and E. Stew art, 2000; Rubano et al.,
2003; Ba renb oim, et al., 2005; Lazk oz, Nesseris and Perivola roup o-
los, 2005; Nojiri and Odintsov, 2006; W ei and Nan Zhang,
2006] .



Combining sup ernovae observations with
other data sets



One can also reconstruct the prop erties of
dark energy using:

Ba ryon Acoustic Oscillations
and

Cosmic Micro wave Background .



A. Ba ryon Acoustic Oscillations.

A rema rkable con�rmation of the standa rd big bang
cosmology has been the recent detection of a peak
in the correlation function of luminous red galaxies
in the Sloan Digital Sky Survey . This peak, which
is predicted to arise precisely at the measured scale
of 100 h � 1 Mp c due to acoustic oscillations in the
primo rdial baryon-photon plasma prio r to recombi-
nation, can provide a `standa rd ruler' with which to
test dark energy mo dels [Eisenstein et al. (2005)] .

A =

p

 0m

h( z1) 1=3

� 1
z1

Z z1

0

dz
h( z)

� 2=3
= 0:469

� n
0:98

� � 0:35
� 0:017 ;(17)

z1 = 0:35 is the redshift at which the acoustic scale
has been measured.



B. Cosmic Micro wave Background.

T yp e Ia Sn prob e: 3
 � � 4
 m

While CMB prob es: 
 � + 
 m , 
 mh2 , 
 bh2.

WMAP gives: 
 total ' 1, 
 mh2 = 0:135 � 0:009,

 bh2 = 0:0224 � 0:0009 and

R =
p


 m

Z zls

0

dz
h( z)

= 1:7 � 0:03 :

But CMB do es not �x the values of wDE , 
 m and

 DE indep endently .

The main e�ect of changing the value of the dark
energy equation of state wQ is to intro duce a shift
by a linea r facto r `R � l ' in the l -space positions of
the acoustic peaks in the angula r power spectrum of
the CMB.



But CMB do es not �x the values of wDE , 
 m and 
 �
indep endently .

Therefo re di�erent cosmological mo dels can give al-
most identical CMB 
uctuations !
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[F rom: Melchio rri, Mersini, Odman and T ro dden, astro-ph/0211522]

For instance a change in CMB spectra from wDE can
easily be comp ensated by a change in the curvature.
Even fo r 
at mo dels, the same CMB spectrum arises
by decreasing wDE AND decreasing 
 m . Since 
 mh2

must beheld constant one should simultaneously in-
crease h.

T o break this degeneracy one must combine CMB
info rmation with indep endent info rmation about the
values of 
 m and h in order to determine wDE . [See
also: Bond, Efstathiou and T egma rk, astro-ph/9702100]



Da rk Energy reconstruction using CMB+BA O and
di�erent values of 
 0m .

W e assume h2( z) = 
 0m x3 + A 0 + A 1x + A 2x2 ; x =
1 + z and A 0 = 1 � 
 0m � A 1 � A 2 fo r a 
at universe.
[F rom Alam, Sahni, Sta robinsky , 2007]
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 0m = 0:25 � 0:03 
 0m = 0:28 � 0:03 
 0m = 0:31 � 0:03

Black dots in the upp er panels and the dashed lines
in the lower panels represent �CDM.

Clearly a small variation in 
 0m causes a LARGE
di�erence in the prop erties of dark energy !!



The equation of state of dark energy reconstructed
using Sup ernovase,CMB and Ba ryon acoustic oscil-
lations, assuming the prio r 
 0m = 0:28 � 0:03.

The upp er panel shows results fo r the SNLS Sup er-
nova dataset, while the lower panel shows results fo r
the Gold Sup ernova dataset.
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The value of 
 0m can, in principle, be ob-
tained by combining the CMB value

 0m h2 ' 0:135 with the value of 
 0m h de-
termined from galaxy clustering.

However, there is some disagreement on the
value of 
 0m h determined from galaxy power
spectra using di�erent data sets.

For instance,
2dF GRS gives 
 0m h = 0:168 � 0:016,
while a larger value, 
 0m h = 0:213 � 0:023
is suggested by SDSS.

Therefo re the resulting bounds on 
 0m are
rather weak

0:2 <� 
 0m <� 0:3 :

W eak lensing data should help in clarifying
this situation.

(HST key project : H 0 = 73 � 8 km s� 1Mp c � 1 .)



Caution must be exercised when setting prio rs on the
values of cosmological parameters. For instance the
densit y parameter 
 m is currently kno wn to about
15% accuracy . Since w( z) dep ends up on 
 m through

w( x) =
2q( x) � 1

3 ( 1 � 
 m ( x) )
�

(2 x=3) d lnH = dx � 1
1 � ( H 0=H ) 2 
 m0 x3

:

an inco rrect assumption about the value of 
 m0 can
a�ect cosmological reconstruction quite seriously .

The reconstructed equation of state w( z) is shown
fo r a �CDM �ducial mo del having 
 m = 0:3; w = � 1
(dashed). During reconstruction an inco rrect value
fo r the matter densit y, 
 m0 = 0:2, is assumed. Solid
lines show the mean value of the (inco rrectly) recon-
structed w( z) with 1� con�dence levels. Note that
the reconstructed EOS excludes the �ducial �CDM
mo del ! [F rom Sha�elo o et al. , 2006]



Conclusions:

A. The cosmological constant provides a
go od �t to the current data but mo derately
evolving dark energy is also permitted.

B. Precision cosmology not yet here.

1. Di�erence between data sets needs to
be better understo od (SNe: Gold, SNLS;
galaxy clustering: 2dF, SDSS).

2. The value of the matter densit y must
be kno wn to better than 5% in order
to mak e precise estimates of the dark
energy equation of state.



Bey ond the equation of state

As we have seen, the equation of state has certain
blemishes { it is obtained from D L after di�erentiat-
ing twice and it is sensitive to the precise value of

 m0 . Both these features hamp er the reconstruc-
tion of w( z) which has led several autho rs to pro-
pose the Hubble parameter or the DE densit y as be-
ing mo re approp riate fo r cosmological reconstruction
[Sahni et al. , 2003; Daly and S. G. Djo rgovsky , 2003; W ang
and Mukherjee, 2004; W ang and T egma rk, 2005] .

The w-probe

One can also construct a weighted average of the
equation of state. This quantit y called w-probe gleans
info rmation about the equation of state from the
�rst derivative of the luminosit y distance. There-
fo re w-probe is less noisy and better determined than
w( z).

The w-probe ( �w) is de�ned as [Alam, Sahni, Saini and
Sta robinsky , 2004]

1 + �w =
1

� ln(1 + z)

Z
( 1 + w( z) )

dz
1 + z

:

�w can be expressed in terms of the di�erence in dark
energy densit y over a given redshift range

1 + �w( z1; z2) = 1
3

� ln ~� D E

� ln(1+ z)

� 1
3 ln

h
H 2( z1) � 
 0m (1+ z1) 3

H 2( z2) � 
 0m (1+ z2) 3

i
/ ln

�
1+ z1

1+ z2

�
:

Here � denotes the total change of a variable between
integration limits and ~� D E = 8� G� D E =3H 2

0 .

Thus �w is easy to determine if the Hubble parameter
has been accurately reconstructed.



An imp ortant prop ert y of �w is that it is less sensitive
to uncertainties in the value of 
 m0 than w( z) . This
is demonstrated below where the results fo r �w are
shown after marginalizing over the matter densit y.
Rema rkably , the value of �w fo r the �ducial �CDM
mo del remains close to � 1, while �w fo r the evolv-
ing DE mo del shows a clear signature of evolution.
Thus, small uncertainties in the value of the matter
densit y do not app ear to adversely a�ect the accu-
racy of the reconstructed w-probe .

The w-probe is reconstructed fo r the �CDM mo del
with w = � 1 (left) and an evolving DE mo del with
w = � 1=(1 + z) (right). The dark grey boxes in
each panel indicate the 1� con�dence levels on �w
reconstructed fo r the two mo dels after marginalising
over 
 m0 = 0:3 � 0:07. [F rom Sha�elo o, Alam, Sahni and
Sta robinsky , 2006]



Non-pa rametric reconstruction

Non-pa rametric reconstruction usually involves di-
rectly smo othing either D L , or some other quan-
tit y app rop riately binned in redshift space. [W ang
and Lovelace, 2001; Huterer and Sta rkman, 2003; Saini, 2003;
Daly and Djo rgovsky , 2003, 2004; W ang and T egma rk, 2004,
2005; Espana-Bonet and Ruiz-Lapuente, 2005; Sha�elo o, et
al., 2006; Huterer and Co oray, 2005; Fay and T avak ol, 2006,
Sullivan, Co orey and Holz, 2007]

Sha�elo o et al. generalize a smo othing ansatz widely
used in the analysis of large scale structure.

Acco rding to this metho d, a smo othed quantit y D S( x)
is constructed from a 
uctuating `raw' quantit y D ( x0)
using a low pass �lter F having a smo othing scale �

D S( x ; �) =
Z

D ( x0) F ( jx � x0j; �) dx0 :

In large scale structure studies, D is the densit y �eld
whereas fo r cosmological reconstruction D could be
the luminosit y distance D L ( z) .

F is the Gaussian �lter

FG / exp

�
�

jx � x0j2

2� 2

�
:

Applied to SNAP-qualit y data this metho d recon-
structs the Hubble parameter to an accuracy of <

� 2%.

The lo ok-back time

T ( z) = t( z = 0) � t ( z) = H � 1
0

Z z

0

dz0

(1 + z0) H ( z0)

is reconstructed to an even better accuracy of <
� 0:2%.
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Lo ok-back time of the universe, T ( z) = t(0) � t ( z),
reconstructed using SNAP-lik e data fo r a
w( z) = � 1=(1 + z) `metamo rphosis' mo del which has
w0 = � 1 just lik e �CDM.

The solid lines show the mean lo ok-back time and
the 1� limits around it. The lo ok-back time fo r the
�ducial mo del matches exactly with the mean fo r
the smo othing scheme. The dotted line shows the
�CDM mo del.

The `metamo rphosis' mo del and �CDM are easily
distinguished using this reconstruction of the lo ok-
back time.

The imp ortance of the lo ok-back time in establishing
the prop erties of dark energy has been emphasised
in several pap ers including: Simon, Verde and Jiminez,
2005; Friaca, Alcaniz and Lima, 2005; Jain and Dev, 2005;
Pires, Zhu and Alcaniz, 2006, etc.



The value of the smo othing scale � (o r bin size)
must be optimally chosen so that:

(i) a su�cient numb er of data points is accommo-
dated within each bin to reduce the e�ects of shot
noise,

(ii) the bin size is not to o large to cause excessive
smo othing.

The follo wing useful fo rmula gives the relative erro r
bars on H ( z)

� H
H

/
�

N 1=2 � 3=2
;

where N is the total numb er of sup ernovae (assuming
an approximately unifo rm distribution) and � is the
noise of the data [T egma rk, 2002] .

If � H
H is to be kept unchanged then a reduction in

the value of � by 3 should be comp ensated fo r by
having 27 many times mo re sup ernovae.

The situation is far worse fo r w( z) which has a � � 5=2

scaling, since the data are being di�erentiated twice
to get w( z).



The q-p rob e diagnostic fo r Da rk Energy

Analogous to the w-probe we can de�ne the q-p rob e,
which is the mean deceleration parameter evaluated
over a time interval

�q =
1

t1 � t2

Z t 1

t 2

q( t ) dt :

Here q( t ) is the deceleration parameter

q( t ) � �
•a

aH 2
=

d
dt

�
1
H

�
� 1 ;

it follo ws that

1 + �q =
1

� t

�
1

H ( t1)
�

1
H ( t2)

�
; (18)

where � t = t1 � t2 � ( t0 � t2) � ( t0 � t1), and

t0 � t ( z) =
Z z

0

dz
(1 + z) H ( z)

;

is the lo ok-back time.

Exp ression (18) fo r 1 + �q expresses the mean deceler-
ation parameter in terms of the lo ok-back time and
the value of the Hubble parameter at two distinct
redshifts. Since the lo ok-back time can be recon-
structed to an accuracy of better than 0:2% while
H ( z) is reconstructed to an accuracy of better than
2% it follo ws that the q-p rob e may also be recon-
structed to very go od accuracy ( q is a derivative of
H and is therefo re lik ely to be mo re noisy than �q).



Need fo r sensitive diagnostics of Da rk Energy

Although the cosmological constant ( w = � 1) is in
excellent agreement with data no fundamental the-
ory predicting the (small) value of the �-term exists.
Therefo re it is of great imp ortance that depa rtures
from w+ 1 = 0 be prob ed to accuracies of at least 1%
by future generations of dark energy exp eriments.
Since virtually all DE mo dels (other than �) have
either w0 6= � 1 or _w0 6= 0, the need fo r probing both
the equation of state as well as its �rst derivative
become crucial if any deep insight is to be gained
into the nature of DE.

Current and planned DE exp eriments will greatly in-
crease the SNe invento ry making it possible to carry
out high precision tests on the nature of dark energy .

Keeping this in mind, one must be on the lo ok-
out fo r a sensitive mo del-indep endent diagnostic fo r
Da rk Energy , which can be applied to Geometrical
(Branew orld, f ( R)) as well as Physical (quintessence)
mo dels of dark energy .



The State�nder diagnostic fo r Da rk Energy

The expansion facto r a( t ) is a mo re natural quantit y
to study since it arises in all metric theo ries of grav-
it y. Since cosmic acceleration app ears to be a fairly
recent phenomenon so we can con�ne our attention
to small values of jt � t0 j in

a( t ) = a( t0) + _aj0( t � t0) +
•aj0
2

( t � t0) 2 +
:::
a j0
6

( t � t0) 3 + :::

In 1970 Alan Sandage describ ed observational cos-
mology as being \a search fo r two numb ers": the
Hubble parameter H 0 = ( _a=a) 0 and the deceleration
parameter q0 = � H � 2

0 ( •a=a) 0. In this era of precision
cosmology let us lo ok beyond H 0 , q0 to State�nders

r =
:::
a

aH 3
; s =

r � 1
3( q � 1=2)

:

For a two comp onent 
uid consisting of matter 
 m
and dark energy 
 D E

r = 1 + 9w
2 
 D E (1 + w) � 3

2 
 D E
_w

H ;
s = 1 + w � 1

3
_w

wH ;

we see that r dep ends up on w; _w; 
 D E , but s do es
not refer explicitely to 
 D E !

r = 1; s = 0 fo r LCDM ) �xed point.

The state�nder gives imp ortant info rmation even fo r
geometrical DE mo dels (Branew orlds, f ( R), etc.),
fo r which w( z) no longer plays the role of a funda-
mental physical quantit y.

[Sahni, Saini, Sta robinsky , Alam, 2003; Chiba and Nak amura,
1998; Visser 2004]



The State�nder is a go od diagnostic of dark energy
mo dels [Alam, Sahni, Saini, Sta robinsky (2001,2002) .

The point r = 1; s = 0 (LCDM) is a late time attrac-
to r fo r a large class of dark energy mo dels including
quintessence and the Chaplygin gas.

Chaplygin gas [Kamenschik et al. (2001)] :

Pc � � c = constant ; � c =
q

A + B (1 + z) 6 : (19)

� =
� m

� c
( z ! 1 ) (20)

is the ratio of the matter densit y and the Chaplygin
gas at early times.

Quintessence: [Ratra and Peebles (1988)]: V ( � ) / � � � .



q = �
•a

aH 2 ; r =
:::
a

aH 3

SS corresp onds to Steady State cosmology which
has q = � 1; r = 1 and is a late-time attracto r fo r
quintessence mo dels as well as the Chaplygin gas.

Note that the current value of the deceleration pa-
rameter alone is not able to di�erentiate between
rival dark energy mo dels.



Our current description of cosmology relies on pa-
rameters which are either geometrical or physical in
nature. The table below divides cosmological param-
eters acco rding to their level which is related to the
numb er of di�erentiations of the expansion facto r
needed to construct that parameter.

Each higher level requires an additional di�erentia-
tion of observational data ( D L ; D A ; :::) and, therefo re,
demands a higher level of accuracy fo r the latter. For
current data, we broadly have about 10% accuracy
fo r quantities belonging to the �rst level, 40% fo r
the second level, while determination of third level
parameters lies in the future.

Smo othing lowers the level of a parameter by unit y.

Level Geometrical Parameter Physical Parameter

1 H ( z) � _a
a =

h
d
dz

�
D L ( z)
1+ z

�i � 1
� m ( z), � DE

�q �w

2 q( z) � � •aa
_a2 = � 1 + d log H

d log (1+ z) V ( z) ; T ( z) � _� 2

2

q( z)
�
�
�CDM

= � 1 + 3
2 
 m ( z) w( z) = T � V

T + V ; w� = � 1

3 r ( z) �
:::
aa2

_a3 ; s � r � 1
3( q� 1=2) �( z) � _V = _�V 0

f r ; sg
�
�
�CDM

= f 1; 0g _w� = 0



Da rk energy mo del building has frequently been in-
spired by In
ation .

Both dark energy and In
ation require the universe
to accelerate .

1. The universe can accelerate through mo di�ca-
tions of the matter secto r:

In this case matter should violate the strong energy
condition: � + 3P � 0.

� In
ation arises fo r V ( � ) / � � ; � > 0 (Chaotic In
a-
tion, Linde 1983).

� Da rk energy arises fo r V ( � ) / � � ; � < 0 (Quintessence,
Peebles and Ratra 1987).

2. The universe can accelerate by virtue of mo di�-
cations to the gravit y secto r:

� In
ation arises fo r L = R+ �R 2 (Sta robinsky 1980).

� Da rk energy arises fo r L = R + �R � m (Cap ozziello
et al. 2003; Carroll et al. 2004).

� Compact Extra dimensions can give rise to In
ation
(Sahdev 1984).

� Non-compact Extra dimensions can give rise to
dark energy (Dvali, Gabadadze and Poratti 2000).



The current situation in dark energy resembles that
in In
ationa ry cosmology 25 years ago.

In
ation Da rk Energy

Spectrum: P ( k) / kn� 1 Hubble parameter H ( z)

Spectral index: n � 1 = d log P ( k)
d log k w( x) =

2x
3

dlnH
dx

� 1
1� ( H 0=H ) 2 
 mx 3 ; x = 1 + z

Running: � = dn
d log k _w

In 1992 the COBE satellite discovered an approxi-
mately scale inva riant spectrum of primo rdial 
uc-
tuations, n � 1 ' 0 providing tacit supp ort fo r the
in
ationa ry scenario.

However, virtually all mo dels of in
ation predict small
depa rtures from scale inva riance ns � 1 = � .

The WMAP discovery of ns� 1 ' � 0:05 is in excellent
agreement with predictions made by chaotic in
ation
( V ( � ) / � 2).

The cosmological constant is in excellent agreement
with data and depa rtures from w + 1 = 0 are be-
lieved to be quite small. Nevertheless, since no fun-
damental theo ry predicting the (small) value of the
�-term exists, it is of utmost imp ortance that de-
partures from w + 1 = 0 be prob ed to accuracies
of at least 1% by future generations of dark energy
exp eriments. Since virtually all DE mo dels (other
than �) have either w0 6= � 1 or _w0 6= 0, the need fo r
probing both the equation of state as well as its �rst
derivative become crucial if any deep insight is to be
gained into the nature of DE.


