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1. Introduction

+

m Hagedorn Temperature 7y (type II)

maximum temperature for perturbative strings
A single energetic string captures most of the energy.

BH = = 21V 20/ CQ \/\

Z(B)—>oo for B < Bu

The finite temperature systems of strings have
been mainly investigated in Matsubara formalism.



m Hagedorn Transition of Closed Strings Ci)

Z(B) — oo for T > Tu (Matsubara Method)
|

|
(Sathiapalan, Kogan, Atick-Witten)

A phase transition takes place due to the
condensation of tachyon fields.

m Brane-antibrane Pair Creation Transition
Dp-Dp Pairs are unstable at zero temperature N

finite temperature system of Dphﬁy Pairs
=)

Hotta



m Relation between two phase transitions?
we have conjectured that

D9-D9 Pairs are created

by the Hagedorn transition of closed strings.

These works are based on Matsubara Method.

One of the method to investigate finite temperature system
IS (TFD).

¥

finite temperature system of Dp-Dp based on TFD



m Thermo Field Dynamics (TFD) Takahashi-Umezawa
statistical average
ﬂv_w = Z7(8) X (nlAln)ePEn
e can represent it as
(A) = (0(B) |4 0(8))

by introducing a fictitious copy of the system.
_1 _BEn .
0(B)) =272(B)) e 2 |n)®|7A)

The fictitious state is interpreted as " hole’ state.
We cannot represent it as

0(8)) = |n) fn(B)
for ordinary number Jfn(8), since

FEB) fm(B) = Z71(B)e PErdnm

cannot be satisfied.



Hawking-Unruh effect can be described by TFD.

It is expected that TFD is available to non-equilibrium system.
(real time formalism)

“—TFD has been applied to string theory

string field theory Leblanc, Fujisaki, etc.
D-brane Vancea, Cantcheff, etc.
closed bosonic string  Abdalla-Gadelha-Nedel
AdS background Grada-Vancea, etc.

pp-wave background Nedel-Abdalla-Gadelha, etc.

Unruh Effect in bosonic open string theory
Hata-Oda-Yahikozawa
=» closed string which can propagate bulk spacetime
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2. Thermo Field Dynamics (rakahashi-Umezawa)

m Ensemble of Free Fermions (example)
Hamiltonian H = wala
anti-commutation relation {a, aff} —

We introduce fictitious system.

Hamiltonian & = wa'a
anti-commutation relation {a, a:T} =1

generator of Bogoliubov tr.
Gp = —i6(B) (Ga — alal) sino(8) = (
cosf(B) = (1—|—e_5‘*’)
tand(B) = e



thermal vacuum state
0(8)) = e F|0) = {cosO(B) + sin0(B)a'd'} |0)

= cosf(B)exp {tan 9(6)@Taff] 10)

T Bogoliubov tr. of annihilation ops.

a(B) = e CFqeCF = cosf(B)a —sinO(B)al
a(B) = e CFGe'CF = cosf(B)a+ sinb(B)a’

Thermal vacuum state satisfies
a(8)|0(B)) = a(B)|0(B)) =0

Fermi distribution

e Pw
(08) [ala] 0(8)) = sin?8(8) = - ;7
fictitious system as " holes’
1 1
-l- N ~



free energy

F(0) = <0(9) l(H _ % K)‘O(9)>

entropy
K = —alalnsin?6 — aa' In cos? 6

F(60) =% In cos? f + (% N tan29—|—w) sin? @

relation between 6 and £.

0
— F(0) =0 =) 2 — —Bw
90 (0) tan<f6 =e




3. First Quantized Closed Superstring

m Light-Cone Momentum

Ve consider a single first quantized string.
light-cone momentum

1
p? = —=@T +p)

1

\/5 5 5 p+ — ﬁ(po—l—pl)

2pTp~ —|p|* — M* =0 ~ 1 6 1

__pR+ = o)
2pTt

partition function

() = T e (~50) = Tr exp |- 4G +p)

1
— Trexp[—ﬁﬁ(ggﬁ—l— 2p_|_




= Mass Spectrum CQ

2 —_— -
2 % o e space time boson
“_'IWRR — E(NB‘FNR‘FNB—FNR)
2 1
Mysr® = /(NB+NNS+NB‘|‘NR_ )
% % space time fermion
Mpns® = ()/(NB+NR‘|‘NB+NN3— 2)

0.

oo 8 co 8
Z Z C“ila{: Nys= > > ”“birbq{, Nrp= Y Y mdidem

1=11=1 r—1I=1 m=1I=1
2

We show only the NS-NS mode case.

GSO projection
left-moving modes : > (1+G) © b_by

1 G=-(-1) ™=z
right-moving modes : > (1 —|—@)

level-matching condition ! | ,
Np +NNS_WB _WNS —0 5n’n;:'/_%d7'1 exp [27r7/r1 (n—n)]



m Thermal Vacuum State
generator of Bogoliubov tr.

21
_ _ Gp = iy, ~ O (a_y-a_—da - o)
GfFSNS:gB‘FgNSﬁ‘QB—I—gNS ljoll
gN;S = 7 Z er (b_ b_ —bfr br)
r=%

thermal vacuum state for a single string
01nvsNs(0)) e ~'G1NSNS|0)) ‘ p+> )

05 (6)) [0 (6)) [05 (8) ) [Onvs (5)

Op(0)) = I ! i - tanh(6 O 0
05(0) = ]I (Cosh(gl)) exp | tanh(9)a_y- &y { 10))

=1
Ons (0)) = T (cos(6r))®exp | tan(8:)b—r -5, | |O))



m Free Energy for a Single String

1 =7
F{fsns(0) = <01N3NS(9) {HINSNS -3 (K1insns + Cnsns + Phs + PNS)H 01NSNS(9)>
l I,J=+ — % part of GSO projection
I,J=— - ; G part of GSO projection
Hamiltonian entropy
> 1
1 |p|2+M2 Kinsns = — Z —{a_l-allnsinh29£—al-a_llncoshQBE}
H — = [t NSNS l
LNSNS = 75 (p + 2t =1
-y {bfr by Insin2 6, 4 by - b_, In cos? BT}
1
r=3
level-matching condition +(right-movers)
oo o0 (0. @] o0 B B
C'NSNS = 2miT Z a_j-op+ Z rb_p - by — Z a_yr o — Z T,bm,r..' . b,r!
=1 fr:l I'=1 rrnf:l
2 2
GSO projection ) [ )
NS — T Z b_r . bfr —I— 1
_ _1
Pig=Pisg=0 \r=3 )
B (=
Pysg = mi| > b -br+1
1
\r=3 )



Relation between 3 and 6 .

19,
26, {Xsns(®) =0

Bl .
tanh @, = exp | —
+ [ D( 2\/§a,p+—|—71‘?,7'1l

For I = + For [ = —
O ptJ (6) =0 O p-J —
59, [1NsNs 50, 1nsns(0) =0

—|— Zln

f”_l




m Partition Function for a Single String

1 o 0
Zinsns(B) = 2\/;(2@9 /_2% dTl/o dp™ /_OO d°p
+ X {exp (_5F1+NENS) + exp (_BFl_i_N_SNS>

+exp (—BFNsns) +exp (—BFiysns) |

22 7B

- T=T71 + im0 — 21\/2a’
B’pT &

T2

3 (27T)8,5 vy [ d?r 1
ZiNsns(B) = ———g9— / o

2. .10 6 3
J"f-—ﬁH 75 1 Y 1 ! ( 0 ‘ T ) ‘

{(?)g — -ﬁj{_) @% - ﬁi)} (O]T) exp (— ) )

5

domain of integration S

-1/2 0 1/2



m Free Energy for Multiple Strings

Free energy for multiple strings can be obtained from the following eq.

Z {Z1NSNS(5w) + Z1rr(Bw)} — (1) {Z1nsr(Bw) + Z1pns(Bw)}]

w:l

. 8(27?)8119 - d2r 1
F(g) = — =12 /q

J‘.-BHlO SO Tgm

4 A\ (ea =g 4-4 2rw2 2
x |{ (93— v3) (93 — 9%) + 9395} (O|7) Z exp( > )

w=1 -jH 2

~{(03- ) B+ 3 (-} O X 1vern

( 27212 32
w=1

2
2

We can transform this to the F-representation
or the Dual-representation
by using modular transformation.

-1-1/20 1/2 1



4. Second Quantized Closed Superstring

m Light-Cone Gauge SFT cf) Kaku-Kikkawa, Hua
Ve consider free string case.
action

Ig = /OOO dp+/D8X [¢;+(X, ) {z

0
0X T

5} (X )

N 2mpt = 7y 52 1 (80X (o) 2
S /O daz{25{xf(g)}2+2ﬂ< do )

=2
o s o 9
+21 (wi(") Ao 577b£(0-) _w{%(o—) do Chbé(o'))}

eqg. of motion

0
1
OX+

PNsSNS PrR, PNsSR, PrRNS

We show only the NS-NS mode case.



mode expansion

solution

‘DNSN&a::eXD(ﬂ?%ﬂ—4@§$+)5B¢H¢B¢@$Nspg¢NS@4

.5 9 l% T 1 12
PB,a = H H n H r(z;)exp (— 5 T )

n 1
i=11=22274,/(n{)!

co 9 nl
CbNS,a — H H (w"{) '
_11=2

=35 a:{p-i_apaNBvNNS’NB’NNS}



second quantization

PNSNS = D (A}LVSNS,QQD?VSNS,Q + PNNSaANINS Q)

87

c{ommutation relation

T _
[ANSNS,Q/,: ANSNS’QI} — 504,0/

o 2
16 . 1P| -I-M
/0 dp™ / D>°z ®Nygng D PNSNS = E Z NSNS A}LVSNS oANSNS o

D16z = d%z ]‘[ d8z;d8y, H diprdib,

Hamiltonian =1 1
-2
1 p|¢ 4+ MR
HNSNS = NG > (P+ T 2p+NSNS PNSNS,ozPNSNS,QA}L\ISNS,&ANSNS;CM
(87

level-matching condition
PNSNS,a = [ 51 dr1 exp [27ri71 (N B+ Nns— Np — NNS)}
2
GSO projection

1 _
PNSNS,a — 4 (1 + Ghn,) (1 + Gm«) > i



m Thermal Vacuum State for NS-NS Strings
generator of Bogoliubov tr.
4~_GNSNS =1i) ONSNSa (A}rvg NS,QAHEVS NS, — AHNSNS,QANSNS,Q)
a={pT,p,Np,Nns, N, Nns|
thermal vacuum state for multiple strings

Onsns () = e "“NsNs|o))

exp Z OnNsN S, ( A T\ SNS.« *:U\ SNS,a *:L\ SNS,« ANSN S, )] ‘O>>
o

1 | ) _
— H { .~ SXp [t anh(Onsn S o )A l\ SNS.a A J[\ SNS, (-}.] } 0))

cosh(OnsNS.a)

(@4

ANSNS,al0)) = ANSNS,al0)) =0



m Free Energy for Multiple NS-NS String

1
Fnsns(0) = <0NSNS(9) (HNSNS -3 KNSNS) ONSNS(9)>

;E. amiltonian

1 +, Ipl® + Mjons i
Hysns = \/EZ p+ S PNSNS,aPNSNS,aANSNS,aANSNS,a
Q D
lalige]n)Y
KnNsnNs = — ) (A}LVSNS,QANSNS,G Insinh? Oy sn g0
(8%

_ANSNS,QA}L\IS NS.a!n cosh? 9NSNS,a) PNSNS,aPNSNS o
Fnsns(8) = ) PNsNS.oPNSNS.o
(84
inh2 g 1 2p
X {sinh“OngNs o | ENSNS,o T 5 Intanh“ Onsns

1
— B In coshQGNSNS’a}



Relation between 3 and 6 .

19,
Y Fnsns(8) =0
NSNS, «

E
+ tanh Oy sNg o = €XP (— P NgNS’a)

o0
1
Fysns(B)=—=>_ > wh PNSNS,aPNSNS,a €XP (—’wﬁENSNS,a)
o w=1
V2 2v2 ,
Z - Z (27?3)3 / +/ 2 B2 1{::18 TET1+i2 By =2my/2d

a ny,mny, Ny,

8(271‘)8‘1;9 / d?r 1
JS To ""l_?1,(0|7')|

8 (‘)é - Uj) (‘}3 — z)4) (O]7) {

Fnsns(B) ~ — 210
Py

domain of integration S

-1/2 0 1/2




m Free Energy for Multiple Strings

Summing over the free energy for all sectors, we obtain

F(B) = Fnsns(B) + Frr(B8) + Fnsr(B) + Frns(8)

1 1
8191/ (0]7)[°

: 4\ (=4 =4 04734 = 2 mw? I5; -
X {('} — v )("‘tfa—"t*zp) +Uz"v‘zj (O|T) Z exp|— —

(Z’TQ 5

w= 1 af‘_')H T2 .

(- )33 om S e (- 270

w=1 DH T2 |

We can transform this to the F-representation
or Dual-representation by using modular transformation.



5. Conclusion and Discussion

o Filrst Quantized Closed Superstring Case
e

We need some gimmicks for calculation.

m Second Quantized Closed Superstring Case



s D9-D9 Pair Case

B d-brane boundary state of closed string cf) Cantcheff
The thermal vacuum state is reminiscent of

the D-brane boundary state of a closed string.

o0
1 i , ~ 0
|B9mat, M) nsns = €XP |— X o @—nQ-n +in ) Y—u- V—u| |Bmat; 77>§V5?NS

s Hawking-Unruh Effect : :

closed strings in curved spacetime

Unruh Effect in bosonic open string theory
Hata-Oda-Yahikozawa

black hole firewall Almheiri-Marolf-Polchinski-Sully

Planck solid model Hotta




A. Brane-antibrane Pair in TFD

m Light-Cone Momentum

Ve consider a single first quantized string.
partition function for a single string

Z1(B) = Tr exp(—Bp°) = Tr exp [— \% BlpT +p‘)]
= Tr exp [— % 3 (p—l— + |p|22;‘+M2)] pt = %(po —I—Pl)
m BSFT (Boundary String Field Theory) (BV formalism) P= (°~7')
solution of classical master eq. (superstring)
Seff =2
Seff 1 effective action Z : 2-dim. partition function
1

Ao’



m Mass Spectrum N\

We consider an open string

l on a Brane-antibrane pair.
mass spectrum

> _ 1 > 1
Mys® = J (NB + Nns + 2|T| - 5) space time boson
2 1 2 | .
Mgp® = — (NB + Np + 2|T| ) space time fermion
o
number ops.
o.@)
s = % % al ol oscillation mode of world sheet boson
I=11=1
Nyg = i i rbl bl oscillation mode of world sheet fermion (NS b. c)
p=11=1
2
oo 8 I
Ng = > > mdl,d, oscillation mode of world sheet fermion (R b. c)

We will show only the NS mode case.



m Bogoliubov Transformation

generator of Bogoliubov tr. tanhg, — exp (_ \/_Bl, +)
Gins = Y+ Uns 4 %ip
+ > tanf, = exp (— —,)
gp = ZZ%QE (a_j-a_;—ap- o) 4~/2a'pt
=1l
OnNs = l§ Or (b—T--E_T-—'BT-bT)
=}

m Thermal Vacuum State
thermal vacuum state for a single string

01n5(8)) = e '“185)0)) |pt) |p)

- 8
= 1 {(cosi(ﬁz)) =p H tanh(gl)al'a’]}

=1

< TI {(cos())® exp | tan(8,)b_, -5 | }1o)) |pT) Ip)

T

a;|0)) = b,|0)) = &|0)) = b|0)) = 0O for positive [, r



m Free Energy for a Single String

1
Fins(0) = <01N5(9) (HlNS -3 Kle) 01N5(9)>
F‘:I. amiltonian 2 12
Hing = 12 (p++ L 2—;+ N‘S)
entropy King = — i ]l-{a_l - ln Siﬂh2 0 — o -a_gln COSh2 Ql}

This is not useful for analysis of thermodynamical system of strings.

=) =P
(string gas)



m Partition Function for a Single String

'Up o0 + O p
Zins(B) = / dp f d’p exp (—BFi1Ng)
(27)P Jo —00 - :
m /
| T Bu°pT - 4ra’pt e

B”]H—l JO T

m Free Enegy for Multiple Strings

Free energy for multiple strings can be obtained from the following eq.

F@)=-Y ;ﬂ{zms(ﬁw)  (~1)®Z; r(Bw))
w=1

T €

T Up /‘X' dr —wi_l —4W‘T‘2‘T
T

, iB° ) l B ( 9-(0|i1) ) I-f'
. (O BT ) 1J 91" (0liT) 1_}4

This implies that our choice of Weyl factors
in the case of Matsubara formalism is quite natural.

/

93(0lir) ) * {
8 ( nl’(ozT))



