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1. Introduction

f

e SU(3) gauge symmetry,

e chiral symmetry and its breaking,
e asymptotic freedom

e confinement,

e O-vacuum,

\

1.1 QCD vacuum

| —1) 0) 1) [2)
e The infinite number of vacua exists with different topology.
e Instanton connects these vacua.

O-vacuum : |0) = Z e "™ In), @ n: winding number

n=—oo

—— action in 4D Euclidean space : Sy = SQCD—%'@Q.

0 term

&) Q : Topological charge describes non-trivial topology of QCD.



New parameter “0"

chiral anomaly: (S.J. Adler (1969), J. S. Bell & R. Jackiw (1969))
Ny

Ou(js (x)) = 2N;Q, @ ji(x) = lei(x)’Y“’Y5¢z‘($)~

U(1) problem: (S. L. Glashow (1967), S. Weinberg (1975), 't Hooft (1976))
2

T

mass relation: mf?/ > m

decay rate of n meson: I'(n — 3m) ~ 200 eV.

strong CP problem: (R. J. Crewther et al. (1979), R. D. Peccei & H. R. Quinn
(1977), V. Baluni (1979), P. G. Harris et al. (1999).)

0] < O(1077).
rich phase structure in 6 space: (G. 't Hooft (1981), J. Cardy & E. Rabinovich
(1982), N. Seiberg (1984), G. Shierholtz (1994), J. C. Plefka & S. Sammuel (1996),
M. Imachi et al. (1996))
SU(N) gauge theory, Z(N) spin model, CPY~! model,- - - .

In order to understand non perturbative properties of QCD vacuum,

it is indispensable to analyze QCD action with the 6 term.




1.2. Introduction of f term
ex)

e SU(2) pure gauge theory in Euclidean space
1
action: Sy = 4—92/d4szy(a:)Flfu(a;),
Q Fj(z) = 0,A5(x) — 0,A5(x) + g™ A, (z) Ay ().

— finite-action configurations: |1|im F.(x)=0.
| — 0

lim A,(x) = 0.

|z|— o0
© Jim Al (z) = lim iU (2)0,U" (z).

a

OU(x) = el T ; T = - : generator of the group SU(2)

( gauge transformation: A,(z) — U(x) (A, (z) +i9,) U (z), )
2

2
U(x) : element of the group SU(2) and a mapping of S® into S°

@ SU(2) gauge theory in 4D Euclidean space has non trivial topology.

Cherm-Simon number:

ncs.(t) = 87%2 Ik d>xeFtr [Ai(x)(8;Ar(z) — 31A () Ar(z))] -
D ncs(t)=0, £1, £2,---. dncs.(t) =0.
——Chern-Simon number is a gauge dependent value.

T|ncs) = |ncs +1), @ T global gauge transformation



topological charge: Q =
O F(2) = eppe Y ().
1 4 2
Q=—— / d x0, | €ppott |Av(x)(0,Ac(x) — —tA,(x)As(x)
872 3
= /d4x6MKu(ac) = ncg(t =00) —nes.(t = —o00).
. . 2
instanton solution: /d x (F:L‘V(x) + Flfu(:c)> > 0.

8772 mst 87T
O Sy, > ?|Q| =4 S}(/.M.) = ?|Q|

— Instanton configuration corresponds to tunnelling between different

vacuum states, which is a classical solution.

Construction of gauge independent vacuum

0. @)

|vac) = Z Cn|m).

n=—oo

T|vac) = e"“|vac).

0. @) 0

l.h.s. =T i Cnln) = Z cnln + 1) = Z Cn—1|m)

n=—oo n=—oo n=—oo

r.h.s.

0 no . —ind
Dep—1=¢€"¢cn. =co=¢€""cp. Settingco=1, Oec,=¢€e .

6-vacuum: |0) = Z e " |n).

n=—oo

‘ @) Non perturbative effect is important for the vacuum. I
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1.3 Lattice field theory (in Euclidean space)

.

e WKB,

e 1/N expansion,
analysis of non perturbative effect : < / _ p
e lattice field theory,

—_—
-
—

>L1 discritization

a
lattice spacing a — 0
continuum field theory lattice field theory
(o field: &(z), ¥(x). (e lattice field: $(n), ¥(n).
{ o gauge field: A, (z). q e link variable: U,(n).
| o action: S[¢, ¥, A,]. o lattice action: S[é, P, Ul

—— Which ‘lattice world’ realizes the continuum field theory?

observable: O,y = a~* lir% Omatlal ; [Ophys] = M%.
— correlation length &: &pnys = aflat[a]. @lin% élat[a] = Sphys — 0
a— a

> The continuum limit will be realized at a 2nd. order phase transition point.




L phys L phys

./-\.//-\\/. ) P N \\/'

a" (Ly, Ba(a)) a’ (L1, Bi(a))

@(1)[a/] B @(1)[a//] @(1)[a] a_dO(l)[a] @(11)

S
Alg) = Alg) Al(“;t) = Al(“;t) ~ AI()Q)Y for small a.
/ 17 —d
Olat [CL ] Olat [CL ] Olat [CL] a Olat [CL] Oph S
y
Fig.1
L3 L L e R
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Figure 1: The cut-off dependence of m(2L)2L for given value of m(L)L = 1.0595, taken from

ref.[1]. The open box shows the extrapolated value.



Monte Carlo simulation

partition function: Z(6) = (6|e”""|6) = Z /[DAM]Qe_SHeQ.
Q=—0c0

Boltzmann factor: e °1?: complex!

U

complex action problem/sign problem

c.f. ) lattice QCD with finite density, quantum spin model, - - -

——transformation of the partition function

DA,] o~ SIAI+i0Q[A]
f [DA,] e~

_ ZQ f [DA,] 5Q,Q[A]G_S[A]er
J [DA,]e=5A

| DA, 6, A e S |
_ Z ez@Qf [ ) Q,Q[i]g[A] — Z erP(Q).
Q f [DA,U] € Q

J DAL g ppae "

J [DA,] e5A

partition function: Z(0) = f[

O PQ) =

topological charge distribution

f[DAM](’)[A]e_S'HQQ Yo P(@)(0)get??
Z(0) o 55’(9) ’
J [DA,] 5Q,Q[A]O[A]€

JIDAL]S

observable: (O)y =

© (0)

. —y
Q,Q[A]€



1.4 Phase structures in 0 space [2, 3, 4, 5, 6, 7, 8]
e CPY~! model with the 6 term

[ U(1) gauge symmetry,

e asymptotic freedom,
CPY~! model { o confinement,
e dynamical mass generation,

e O-vacuum, - - - .
\

N N
action: S = B/dZ:BZ 1D, z0 ()% Z za(z)|? = 1,
a=1 a=1

1 N
@ B= 7 D, =8, +iAu(z), Au(x) =1 Za(z)za(x).
a=1

: N
topological charge: Q = QL / dQ:UGW Z D, zo(x)Dyzo(x).
s

a=1

| discretization
N
naive lattice action: S = IG] Z [1 — Z |Za(n)2za(n + ,&)|2
n, W a=1

A 1
eometrical charge: QU = — n"),
g ge: Q — nz g(n")

1
@ q(n ) s 5 Z e,ul/ {en,,u + Qn+ﬂ,v - Qn—f—ﬁ,u — en,y} mod 271',

sV

N
Ony = arg{>  Za(z)za(n + 1)}



f [dZdz] 6_8(272)"‘7:0@(272)

partiton function: Z(0) = Tldzdz]e—SG)
zdz|e P\%=

U

complex action problem

——transformation of the partition function

ZQ f[dZdz]5Q’@(572>e_s(2’z)ei9Q

Z(0) =
(0) [ldzdz]e5(z7)
~ N —S(Z,Z)
_ Z eile[dZdz]éQ,Q(i,Z)e — Z erP(Q).
5 [dzdz]e—5(z2) - 5
[dzdz]6, A5 . e 9(%2)
O P(Q) = / @.Q(%7) topological charge distribution

[dzdz]e—5(z2)

(@ /[didz] — /dzdzl;[é (|z(:c)|2 — 1) )

0 . i : . :
strong coupling regions: first order phase transition exists at 8 = .

(confinement phase—Higgs phase)
weak coupling regions: phase transition point moves toward 6 = 0
with 8 — oo. fault!!



1.5 Our study [8, 9, 10, 11, 12]
model: lattice CPY ~! model with fixed point action [13, 14]

)
strong coupling regions: first order phase transition exists at 8 = .

© 3 no phase transition exists for small volumes.

log P(Q)

weak coupling regions:

‘ ¢

1st. order phase/Tr’a 1sto%//
=
3=1/g

e Why does the method break down?
@ Error of P(Q) disturbs the behavior of the free energy density f(0).
@ f(0) = —+log Z(0), DV : lattice volume

the method breaks down for large volumes.

0.0045 ——s— —

0 %gg ‘ ‘ ‘ ‘ ‘ =12 o 0.004 ||L=24 © $¢9
-10 o DD§§! | 1 1L=24 = 0.0035 | L=32 o R
-20 *Oo DDX X v g 5 5 n L=32 A : L=38 v o’  an

o b _*c1 v 7 o 5 mlL=38 ¥~ 0003 L|L=46 © ov
-30 + o i 5 A Z . o1L=46 o L=50 ° N ‘
40 | o . a7 gll=50 e & 00025 [[L=56 = .g-Z'A' "
0 | . . ~lL=56 = | = o2 | Gh b
50 i A
© . 0
-60 | 5 o 0.0015 | o
]
-70 t ° : 0.001 | s%0 60000
© &0 - 00°
-80 | o 1 0.0005 ¢ ggm P ©
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2
Q

Figu re 2: Monte Carlo data of CP3 model with fixed point action. The coupling constant (3 is fixed

to 3.0 and various lattice sizes L are employed. The number of sweeps is several millions for each case.
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Flattening

Puc(Q) = P(Q) + AP(Q).
Monte Carlo data true value error
Fuc(e) = —prlog | Y0 P@€" + 3 AP(QE"
Q@ Q

~ —% log [e_vf(e) + AP(O)] :

(QAPO)] > |AP(Q # 0)].)

f(@) : 0 < 0.
@ fume(8) =~ —+log AP(0) : 0 2 6.
flattening

In the Fourier transform method, the proper behavior of f(6) is masked

by errors of P((Q) and flattening makes one mislead that a first order

phase transition occurs at 0 = 6;.

e How much statistics are required?

AP0) < e VO APW0) x 1/VN. = ON et

Exponentially increasing statistics are needed!

|} an alternative way to the Fourier transform

‘ ) maximum entropy method (MEM) I

11



Analysis of mock data with MEM

1. Gaussian P(Q) [11]

—— Poisson sum formula

c N2
P (Q) = Ae V@ , (DA, ¢, V: parameters

Zpoi(0)
3561 5 vis
1 | o v=12
3.0E-1—: A V220 Imﬂ
1 | x v=30 %%’k@
2.56-1] ¢
1 | o v=s0 5 L oo
1 S
1 <&
~ 2.0E-11 T
Lea) i
= ] @ %%[]
1.56-11 B 1
1.0E-1
] B
5.06-2 ] B
] 5B
0.0E+0 i B ‘ ‘ T
0 0.5 1.5 2.5 3
0

Figure 3: Free energy density f(0) for various V. The parameter ¢ = 7.42. In left panel, f(0) is

PL V—— 1% 2
— A4/ — —4¢(0—2mm) .
V= 2 ©

m=—aoo

3.5E-11
1 | o v=8
3.0E17 | o v=12
{1 | a v=20 i@
2.56-1 _ F4°
1| x v=30 g0 Qoo
] 0 V=50 g o
2.0E-1 &
s ] ®
1.5E-11 L
] ]
1.0E-1
5.0E-21
a®
0.0E+0 e m @ — — —
0 0.5 2 2.5 3

obtained by numerically Fourier-transforming P (Q). In right panel, f(0) is obtained by the MEM.

&> No flattening behavior is observed in all images obtained by MEM.

—— Does MEM reproduce just a smooth function?

12




2. P(Q) with singular behavior [12]

Ps(Q) = Pa(Q) + podg.o, (Dpo: parameter

—— Poisson sum formula

Z5(0) = Zp.i(0) + po.

1.00E+1 -
x Poisson

o Fourier
* 4 MEM

1.00E-1 i

1.00E+0-Mx ¢ o
&

1.00E-2 x

1.00E-34

T><><><><><><><>n<

Z2(6): flattening model
%

1.00E-4
) 44 aaamm

1.00E-5+

1.00E-6 T T T T T
0 0.5 1 1.5 2 2.5 3

Figure 4: Partition function Z(0) for V=50 and pg = 1.0 X 103, The Fourier method yields

negative values for Z(60) at 8 < 2.5. The true Z(0) (Poisson) is also plotted.

) Obtained images reproduce flattening.

~ In this study, ~
& we apply MEM to Monte Carlo data and calculate
PN—l

the partition function of the C model with the 6 term,

& we estimate to what extent the most probable image is
sensitive to the prior information,
& we compare the results of the MEM with

those of the Fourier transform method,

X in order to investigate the effectiveness of MEM.
J
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¢ Renormalization group and fixed point action

——How is the extrapolation to a — 0O taken?

) renormalization group

ormalized Trajectory




& fixed point action [13, 14]

)
/|<%ized Trajectory
V:T\/ / ——1/8
/‘
B) A)
¢(1)E ¢(z2) ¢(ni )= —r¢(n2)

renormalization transforms

! 4/
renormalization transfomation: e® 4 ¢l = fz e BALI+T[2.¢]

4B — o0
A'[¢] = min [A[z] + T[z,¢]]. T : transformation kernel

z

> fixed point equation: App[(] = min [App[z] + T [z, C]]

on the fixed point.

15



—— parameterization

Arplz] = Z Z p(T) (1 — Z N|za(n)za(n + "">|2)
+ Z C(nla n2, n3, ’I’L4) (]‘ o Z |2a(n1)za(n2)|2)

ni,n2,n3,mn4

X (1 -> |2a(n3)za(n4)|2> SR

—— determination of couplings {p,c, - -}

AR : [Am) 01 4 (@ Dy 4 7,1 @
(€] {Z<o>,z<ffl.].ﬂ,z<k—1>} [+ T (7, 20)+ T (27, 27)

+o+ TR0

L(k=1)

L (=2)

,(0)

16



2. Maximum Entropy Method [15, 16, 17]

2.1 Parameter fitting
7y 10Q
inverse Fourier transform: Pyc(Q) = / d0€2
. iy

—— How is Z(6) calculated by use of the inverse Fourier transform?

Z(6).

ex)

e Least square method:

=20 (PPQ@ = Puel@) Colo (PUQ) = Prue(@))
Q,Q’

( No  ionQ

PAQ) = —

n=1

Z(0,) = Z K(Q,n)Zn;

Ng : # of reference points in 6 space

S .
Puc(Q) = 7 Z P(%(Q) Ny : # of data set
=1

\ CQ’Q/ : covariance matrix

1. to assume the functional form of Z(6),

2. to calculate parameters charactarizing Z(6),

such that x? is minimized.

problems

(a) necessity for an adequate functional form of Z(60)
(b) ill-posed problem: # of Q <K # of 6,

17



2.2 Bayes’ theorem

p(A) : probability that an event A occurs

p(A, B) : probability that events A and B occur simultaneously
p(A, B)

p(B)
probability that an event A occurs under the condition that B occurs

—— conditional probability: p(A|B) =

_ N(A) _ N(B) _
p( )_W7 ( )_Wa p(A,B) p(B,A)
p(A|B) = N(A, B) _ N(A,B)/N(S) _ p(A, B)
N(B) N(B)/N(S) p(B)
_p(A,B) p(B,A) p(BJA)xp(A)
AR =T T e e
, | _ p(B|A)p(A)
) Bayes' theorem: p(A|B) = o(B) :

18



2.3 Maximum Entropy Method (MEM)
MEM

(o widely used technique for various field,

e one of the parameter inference based on Bayes' theorem,

e to derive a unique solution by utilizing data and

the prior information about the parameters.

ex.)
e lattice QCD (from ref. [17])

+o0
D(r, k) :/O dw Ko(r,w) Alw,k)

correlation function spectral function

D Ko(r,w) : kernel, A(w,k =0) = w’p(w).

2

ofe p=6.0
° k=0.1557
oL Nconf= 161
— 4l
£ T
o .
o 6 %
L .
8l B
p
0k
212 . . . .
0 5 10 15 20 25
t/a

Figu re 5: Lattice data of correlation function in the PS and V channels with errors.

100

80 (a) PS Channel 1 40 b (b) V Channel
O =7-1GeV Opmax = 7.1 GeV

60 30

—_ =

3 <)

3 3

a 40 < 20|
20 + 10
0 S i o A A

0 3 4 5 6 7 0 2 3 4 5 6 7
o (GeV) o (GeV)

Flgu re 6: Reconstructed image of spectral functions for the PS (a) and V (b) channels.
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posterior probability

posterior probability: probability that Z(6) is realized
when the Monte Carlo data of { Py (Q)} and

the prior information I are given

 prob(Puc(Q)|Z(0), I) x prob(Z(0)|I)
prob(Z(0)| Puc(@), T) = prob(P(Q)]1)

x prob(Puc(Q)|Z(0),I) X prob(Z(0)|1).

likelihood function prior probability

> prior information I : Z(8) > 0.

prob(B|A,C)xprob(A|C)

c.f.) Bayes' theorem: prob(A|B,C) = prob(B|C)

2y e—i@Q

PMC(Q):/ a0°—2(0) = " 40 K(Q,0)2(6).

) Our task is to calculate the most probable image, 2(9)
such that prob(Z(0)|Pumc(Q), I) is maximized.

1
© prob(Z(0)|Puc(Q), m, a, I) x exp [—§X2 + aS] :

/

Zn
S = Z [Zn — m, — Z,log —} : Shannon-Jaynes entropy

My
© 3 m(0) : default model that satisfies information I

o : relative weight between S and —%XQ

20



Procedure for analysis

1. Maximizing W [Z] to obtain an a-dependent image for a given a.

) 1 5
Z(a) 5 Z, [_EX —|—aS]

= 0.
z_z(a)

02,

& Z(O‘)(G) : «-dependent most probable image for a given «

2. Averaging Z(*)(0) over a to obtain the most probable image, Z(6).

A

Z, = /da Zprob(a)Puc(Q), m, I) = /da ZP(a).

D Z(0) : most probable image

.

P(a) o g(a) exp [W(a) + 5 3, log 72
= g(a)eV( @A) .

g(a) : prior probability of «
© 9 const. : Laplace's rule
(o) =

posterior probability of a

1/a : Jeffrey’s rule

\ {Ar} : eigenvalues of a matrix \/_mﬁzmazn\/_

z—z(a)

3. Estimating an error as uncertainty of 2(9)

(62.)%) = / doe P(a){(82()%).

21



comment || ~the choice of default model m(4) ~

The most probable image generally depends on m(6).
— Are all the m(0) adequate as long as m(6) > 0?7 = No !

(i) to investigate the sensitivity of Z(8) to the choice on g(a).

posterior probability of a: P(a) = g(a)e" (¥4,

= We have no information for choosing adequate g(«).

(i) to calcuate the relative error |8 Z(0)|/Z(0),

where Z(8) with small errors has small uncertainty.

22



4. Results
Results of Monte Carlo data

model: CP® model with the fixed point action

analysis: SVD 4+ Newton method with quadruple precision

CP(3)FP (8 = 3.0)

L L/g Qmin-@max the number of measurements Fourier
24 3.4 0-18 10.0M/set o
32 4.5 0-24 3.0M/set o
& 38 5.3 0-27 5.0M/set o
46 6.5 0-33 1.0M/set o
L) 50 7.0 0-18 30.0M/set X
56 7.9 0-18 5.0M/set X

Table 1: Parameter values used in simulations of CPSFP. Here B, & and L stand for the inverse
coupling constant, correlation length of the time direction and lattice size, respectively. The coupling

B = 3.0. The last column represents whether the Fourier transform works(o) or not(x).

e Non flattening case (L = 38)

default model: (i) constant function; m.(6) = 1.0.
(ii) Gaussian function; mg(6) = exp [—7107%21092} :
(D v = 0.4 ~ 1.2 increasing by 0.1)
ill-posed problem: # of Q) : 5 <# of degrees of freedom of Z(0) : 28
stepl: calculations of most probable image for a given «, Z(O‘>(0).
= a-dependence of Z(¥ () is almost invisible for each m(6).

step2 & step3: calculations of the most probable image and its error.
= All results of the MEM agree with result of the Fourier transform

method within the errors and are independent of m(0).
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Z(C‘)(e)

0.07

1 Mi T T T T T T
gt m(6)
* u 006 | y=0.6 e 1.
x ' oA y=1.0 =
» A
0.05 .
0.1} n A
—~ 004} « .
U A
x [
Fourer X x 0.03 [ * soe, 1
. m (0), a=10 m] b . ‘A °
0.01 mg(@), a=50 o ‘! 0.02 | * o 4 °-. A
m(6), a=100 & 'y o AT TVe.,
y=1.0,0=10 = o 0.01 | - o, ""a, ]
V=10, =50 ' PR T, "ta.
0001 y::lro’ a:;l'oo ‘A 1 1 O L_: A. L L L L L ° 1 A. - .J
O 05 1 15 2 25 3 35 0 10 20 30 40 50 60 70 80 90 100

a

Figure {: Most probable images for a given « (left panel) and posterior probabilities of « (right

panel) in non-flattening case (L = 38). As default models, constant, 1.0, and Gaussian function with

v = 0.6 and 1.0 are used.

1
' Fourier X
y=0.6 o
y=1.0 =
x
0.1}
) ¢
@ )8
N )¢
)
0.01  x
x
0.001 : : : :
0 0.5 15 2 25 3 3.5
0

Flgu re 8: Z(9) in the non flattening case (L = 38). Fourier transform result is also plotted.

OZ, = /da ZP(a).

‘ > All results of the MEM agree with those of the Fourier transform.
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e Flattening case (L = 50)

default model: (i) Gaussian function; mg(0) = exp [—7107%21092} :

() v = 3 ~ 13 increasing by one)
(il) mp/50(0) = 2(9) for smaller volumes
( L =24, 32 and 38)

ill-posed problem: #Q : 7 < f§ degrees of freedom of Z(60) : 28

5 | Fourier X

0.01 | x

ZFour(e)
X

0.001 | .

1e_05 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5
0
Figure 9: Partition function, ZFour(e)' obtained by the Fourier transform method. The number of

measurements is 30.0M/set. Arrow indicates the value of (= 3.610 X 10_4).

From the result, we find that Zp...(0) receives large errors for 6 > 2.3
(10 Zrour(0) |/ Zrour (0) R 0.3).

De = Z IAP(Q)|. : naive error propagation to 6 space
Q
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(i) g(c)-dependence of Z(6)

We systematically investigate to what extent Z(6) is sensitive to the

choice on g(«), by calculating A(6).

Z(0) for Laplace’s rule
Z(0) for Jeffrey’s rule

AB) = | ZLap(0) — Zee(0)] ZLap(0)
(Zrap(0) + Z5e(0)) /2 Zjet(0) -

1 T T T — ;
01y . ) '
| oo1: ° ° :

0.001 . : : :
2 4 6 8 10 12

14

Gaussian function with y

Figure 10: Values of A(0) at 6 = 2.60. The Gaussian function is used as a default model.

default model A(2.31) A(2.60) A(2.83) A(3.14)
ma(0) withy = 3.0 || 628x1073  120x1072  187x107%  2.22x10~ 2
m(0) with v = 4.0 || 6.90x1073  1.17x1072  150x1072  1.69x10~ 2
ma(0) with v = 5.0 || 534x1073  141x1073  1.13x1072  1.86x107 2
m(0) with v = 6.0 || 120x1072  7.00x1072  157x1071  2.18x10~ !
m(0) with v = 8.0 || 1.08x1071  163x1071  185x1071  1.91x1071

Moy /50(6) 344x1073  7.64x1073  113x1072  135x107 2

M350 (0) 727x1073  156x1072  2.26x1072  2.68x107 2

m3s /50 (0) 120x1072  257x1072  359x1072  4.18x10 2

Table 2: Values of A(6) at 6 = 2.31,2.60, 2.83 and 3.14 for various m(6).
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P(a) for y=5.0

Z(0) for y=5.0

posterior probability of «:: Laplace’s rule and Jeffrey’s rule are employed.

= P(«) for Laplace’s and Jeffrey's rules behave differently for each case.
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Figure 11: P(«) for Laplace's rule and Jeffrey's rule. The Gaussian functions with v = 5.0 (left

panel) and v = 13.0 (right panel) are used as default models.

most probable image: Laplace's and Jeffrey's rules are employed.

= Z(6) with v = 5.0 has no g(o)-dependence.
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Figure 12: Z(0) for Laplace’s and Jeffrey's rules in 6 € [2.0, 7). The same m(0) are used in

the Fig.11. The difference of Z%Jeﬂc(é) and ’ZJGH(Q) is visible for large 6 region in the right panel.
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(i) relative error of Z(8)

We quantitatively investigate the statistical significance of the most

probable image, by calculating the relative error, |8 Z(0)|/Z(0).

0.4

Fourier  ~ m 2oy
035 (| Zy=300) ~ .
Zy=40(0) ©
03| Zys00) o vV O
_ Zoa50(0)  m =ty
N Zgis0(0) Xa¥ ggt
@ 0.2 r ] v #
¥ 015} oY o
[ é Do o)
0.1+ ® 0
EE
0.05 f ., s
3
Omessrszevzs=s 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5

Figu re 13: Values of % for selected default models. The Fourier result is also plotted(x).

= The retative errors of Z,_30(0), Z,—4.0(0), Z,—50(8) and
2:’38/50(9) are smaller than that of Fourier transform method, the error

of MEM means uncertainty of image, though.
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¢ Final images (in Laplace’s rule)
. *e .
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Figure 14: Final images for some m (). Arrow indicates the value of €.

/

@) All results of MEM <

)
have small errors compared to

the result of the Fourier transform

-

(see Fig.9),
&
have little default model dependence
for 0 < 3.0.

~

/
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z()

Statistical fluctuation of the final image
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Figure 15: Final images Z(0) for L = 50 with 5.0M/set(left panel) and 15.0M/set(right panel).

Gaussian default model with v = 5.0 is used. While 2(6) for a large O region in left panel are not

stable against statistical fluctuation, 2(9) in right panel are stable.

Final images selected by constraint

: 5Z(0
constraint: 2Z@) < 0.2, for example.
Z(0)
1 m’i T T T T T T
l“
3
-
0.1 . ]
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Figure 16: Values of Z(0). The Gaussian function with v = 5.0 and Z(0) for L = 38 are used

as default models. No default model dependence is seen for 8 < 3.0. Z(6) obtained by the Fourier

transform method is also plotted.
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4. Summary and Discussion

Summary

©) 4

® phase structure in 6 space

— model: CP3 model with the 8 term

”

\

f

weak coupling regions: {

U

sign problem

Fourier transform
[P(@) zwﬂ

strong coupling regions: first order phase transition exists at 6 = 7.

no phase transition exists for small volumes.

the method breaks down for large volumes.

U

flattening

inverse Fourier transform
P(Q) Z(0)

e widely used technique for various fields,
e parameter inference based on Bayes' theorem,
e to derive a unique solution by utilizing data

and the prior information.
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& Non flattening cases (L = 24, 32, 38)

&> All the results of the MEM are almost in agreement with

those of the Fourier transform and are independent of m(6).

&Flattening case (L = 50)
4 )

@) The MEM gives the most probable image with

reasonably small errors for a wide range of 6.

@ 2(9) depends strongly on m(6) for the region

where the value of Z(6) is smaller than e.

/

Discussions

e Which image Z(8) is the most probable one?
= estimator: A(0)? [6Z(0)|/Z(6)?

e How is m(6) chosen 7 => ref.[18]

e It could be worthwhile to study LFT with the finite density in terms of
the MEM.
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